Lattice results on the QCD critical point
Frithjof Karsch, BNL & Bielefeld University
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Lattice results on the QCD critical point

» Where Is the critical point?




Bulk thermodynamics with
non-vanishing chemical potential

Z(V,T,u) = / DADYD) e F=(V-Tor)

— /D.A det M(p,)}f e Sc(V,T)

ﬂcomplex fermion determinant;
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Bulk thermodynamics with
non-vanishing chemical potential

Z(V,T,u) = / DADYD) e F=(V-Tor)

— /D.A det M(u)}f e Sc(V,T)

ﬂcomplex fermion determinant;

ways to circumvent this problem:

® reweighting: works well on small lattices; requires exact evaluation of det M
Z. Fodor, S.D. Katz, JHEP 0203 (2002) 014

® Taylor expansion around g = 0: works well for small p;
C. R. Allton et al. (Bielefeld-Swansea), Phys. Rev. D66 (2002) 074507
R.V. Gavali, S. Gupta, Phys. Rev. D68 (2003) 034506

® imaginary chemical potential: works well for small w; requires analytic continuation
Ph. deForcrand, O. Philipsen, Nucl. Phys. B642 (2002) 290
M. D’Elia and M.P. Lombardo, Phys. Rev. D64 (2003) 014505

® canonical ensemble: need to evaluate fermion determinant
K.-F. Liu, Int. J. Mod. Phys. B16 (2002) 2017

S. Kratochvila and P. de Forcrand, PoS LAT2005, 167 (2006)
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Early lattice results

reweighting:
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Z. Fodor, S. Katz, JHEP 0404 (2004) 050

INT. Seattle 2008. FE Karsch — p. 4/32



Reweighting and Lee-Yang zeroes

Z ey MImy
Znorm (IBRG’ IBIm’ H’) = Z(’,IB(ZR /BB Ol)l')

<66i,81mNsiteAPez‘9 |6(Nf/4)(1n det M (u)—In det M (0)) | >

(IBReaOaO)

24°x36x4 |attice

additional complication in QCD 00— 2 avdiatice.
phase of fermion matrix contributes [~

0 ei [c,uV—I—O(,u3V)]

i 0.01
0.008 .—_.:‘:-:-_ _________________ _|

e e

0.006 =~

the sign problem severely limits
the range of applicability of
the reweighting method

S. Ejiri, PR D 73 (2006) 054502 5688 560 5.695 5604 56%
R
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Status 2008; 7?7

» the devils advocats

imaginary w: Ph. de Forcrand, O. Philipsen, NP B642 (2002) 290;
updated at Lattice 08 and xQCD 08
u

ng = 3, N, = 4.
standard staggered
me(k) = me(0)—Ap?

» the convinced

& | QCD critical point DISAPPEARED
N

Taylor expansion: R. Gavai, S. Gupta, PR D71 (2005) 114014,
arxiv:0806.2233

N; | Te(pe)/Te(0) | pe/T | comment

4 0.95(2) 1.1(2) 2005: 2-flavor; standard staggered

6 0.94(1) 1.8(1) 2008: 2-flavor; no V.— oo

4 0.99(2) 2.2(2) | Fodor+Katz: (2+1)-flavor, standard staggered
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Phase diagram for ug = 0

® already the up = 0 phase diagram is not fully explored

®» phase boundary is known to be very sensitive to cut-off effects
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® N. = 4, standard staggered fermions (the setup used by deF+P):

crit
— mps

~ 300 MeV for ny = 3, i.e. larger than physical m

FK, E. Laermann, C Schmidt, PL B520 (2001) 41
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Phase diagram for ug = 0

® already the up = 0 phase diagram is not fully explored

®» phase boundary is known to be very sensitive to cut-off effects
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Phase diagram for ug = 0

® already the up = 0 phase diagram is not fully explored

®» phase boundary is known to be very sensitive to cut-off effects
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Shinji Ejiri, INT 2008

Mean field argument

« Sigma model prediction near tri-critical point on the ms axis.

1 2 1 4 1 6 anV
V . (6)=—ac” +—bc" +—coc’ —ho it it —eff —
r(0) 5 1 . Critical point: —=¥=0 (=123
Nf=2 Quenched
o0
2ndorder ] storder
Tricritical b~(m, _ms) :> bNHz
point mT .

L
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Bulk thermodynamics for small /T

® Taylor expansion of pressure up to O ((pq/T)°)

p 1 - pg \" pq ) pa \* AN
e ch(:r)<?q) zco+cz<?q> +c4<?q> +C6<?")

n=0

3 5
quark number density B _ 9e, % + 4ca (%) 1+ 6cg <NCI>

- Xq g
uark number susceptibility &= = 2c¢ 12c4 | —
q P Y T2 2 + 4< T

N—
N
_I_
w
o
@)
(o))
VR
N
N—
N

an estimator for the radius of convergence

(p,q) , 1/2 cn, > 0 foralln
— = lim
T crit n—oo

= singularity for real u

C2n

C2n 42
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Estimating T.(u.) and p./T

How can we estimate the location of the critical endpoint from expansion
coefficients of the Taylor series?
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Estimating T.(u.) and p./T

How can we estimate the location of the critical endpoint from expansion
coefficients of the Taylor series?

® The approach taken by Gavai and Gupta: arXiv:0806.2233

..As one comes down in T from large values of T', the series coeffi-
cients remain positive down to some lowest value of T'/T.....At this
temperature the radius of convergence is...
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Estimating T.(u.) and p./T

How can we estimate the location of the critical endpoint from expansion
coefficients of the Taylor series?

® The approach taken by Gavai and Gupta: arXiv:0806.2233

..As one comes down in T from large values of T', the series coeffi-
cients remain positive down to some lowest value of T'/T.....At this
temperature the radius of convergence is...

a potential problem with unimproved staggered fermions:

unimproved staggered fermions have u-dependent O(a?) corrections
that are positive and significant even in the ideal gas limit.
For instance, they generate a positive O (u®) term

P. Hegde et al, Eur.Phys. J. C55 (2008) 423

147 / p \? 105 / p \* 21/ p\%) 1
O(a®) ~ |1 i
(a®) ( + 31 (WT) + 31 (WT) + 31 (TFT) N2
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Bulk thermodynamics for small /T

® Taylor expansion of pressure up to O ((pq/T)°)

- = 4, O(a?) improved staggered fermions, m, ~ 770 MeV

p 1 > Pa \" g \ 2 pa \* AN
e e Sn() w8 (%) (2

n=~0

C. Allton et al, PR D71 (2005) 054508
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Bulk thermodynamics for small /T

® Taylor expansion of pressure up to O ((pq/T)°)

- = 4, O(a?) improved staggered fermions, m, ~ 770 MeV
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Bulk thermodynamics for small /T

® Taylor expansion of pressure up to O ((pq/T)°)

N, = 4, O(a?) improved staggered fermions, m, ~ 770 MeV

p 1 > pg \" % pg \* g \°
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Christian Schmidt (for RBC-Bielefeld), Lattice 2008, Chuan Miao, INT 2008

Taylor expansion of the pressure

. . . u,d,s
* Results for expansion coefficients c_ .,
1,0,k
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0.025 . . .
002 lC Y n=2+1, m,=220 MeV = | Cut-off dependance:
oot15| O =2, m=770MeV —=— | —3 Small cut-off effects in the transition
0.01 | Preliminary - region (similar to p, e-3p, ...)
0005 ¢ g | Mass dependance:
0 -
0.005 | — Tc decreases with decreasing mass
001 | — Fluctuations increase with decreasing
-0 c;15 - mass
0.02 | T[MeV] red: RBC-Bielefeld, preliminary
-0.025 - - - - - blue: PRD71:054508,2005.
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Hadronic fluctuations at p, = 0

® expect 29 order transition in 3-d, O(4) symmetry class;

2
I
+ A (Fq) s Merit = 0

T — 1T,

scaling field: t = '

C

singular part: fs(T, pru, prq) = b_lfs(tbl/(z—a)) ~ p2—0

0%1n Z - 0*ln Z —a ( 0)
> ~ | Cyq 1 ~ o =
8,uq 8,uq

Co N

®» 04)O(2): a < 0, small =
ca ~ {(8N,)?) dominated by T-dependence of regular part

ca ~ {(6N)*) — 3((6N,)?)? develops a cusp
Y. Hatta, T. Ikeda, PRD67 (2003) 014028
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Hadronic fluctuations at p, = 0

® expect 2™¢ order transition in 3-d, O(4) symmetry class;

2
I
+ A (%) s Merit = 0

C

scaling field: t = )

C

singular part: fo(T, ftu, ptq) = b1 fo(tb/ 2=)) ~ 2=

0%1n Z 1o 0*In Z Cw B
Ca2 v 8[1,(21 ~ i ’ Cq 8[1,3 ~ 1 (IJJ — O)
Oln Z I a 0%In Z .
€E ~ 8T ~ | Vv BTZ ~ T (M — O)

= 2™ derivative w.r.t u, "looks like energy density”
= 4*" derivative w.r.t u, "looks like specific heat”
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Generic expansion coefficients
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similar in PNJL model: S. Roessner et al, PR D75 (2007) 034007
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Estimating T.(u.) and p./T

How can we estimate the location of the critical endpoint from expansion
coefficients of the Taylor series?

® need c,(T) > 0to have a singularity on the real axis

® expect hadron resonance gas to be a good approximation at low T':

cHERG > ¢ for all n, but rZBG =\ /1/(n 4+ 2)/(n+1) — 0

= conjecture:

the position of the first maximum of ¢, (T), e.g. at T;, < T.(0),
gives an upper bound on T.(u.) as one will find ¢, +2(7) < 0 for
T > 1T,

® This is completely opposite to the criterium formulated by Gavai and
Gupta
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Christian Schmidt (for RBC-Bielefeld), Lattice 2008

Hadronic fluctuations‘and the QCD critical point

* Consequences for the phase diagram:

the radius of convergence

The radius of convergence can T
be estimated from the Taylor
coefficients of the pressure:

p= lim p,
T— 00
with
Cry
p'n, — B
C
n—+2
efor T'>T., p, — OO

efor T' < T,., pn isbound
by the transition line

P2

generic picture |

root of c?

Pa1 —>
root of Cf
—

Pe

=4 f >
\ 1B
The Resonance gas limit:

P — G(T) + F(T) cosh (“’?B)

T4 —

—> pn=V1/(n+2)(n+1)

— look for non-monotonic behavior in the radius of convergence
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Estimating T.(u.) and p./T

Status of the RBC-BI project

® calculationsfor N =4 and 6; N, = 4N,

® uses an O(a?) improved staggered action (p4fat3)

® estimator for p..: (MC(T)> T Cn
Pn =
T.(0) T.(0) \/ cnt2

n
1.2

T/T.(0) n=2+1, m =220 MeV —@—

115 | 1 :
nF=2, =770 MeV —— ® slight quark mass dependence

1.1 ¢
1.05

0.95 r
09 r
0.85 |
08 |

0.75
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Estimating T.(u.) and p./T

Status of the RBC-BI project

® calculationsfor N =4 and 6; N, = 4N,

® uses an O(a?) improved staggered action (p4fat3)

® estimator for p..: (MC(T)> T Cn
Pn =
T.(0) T.(0) \/ cnt2

n
1.2

T/T.(0) N=4 ——

1.15 ¢ N=6 —=— | @ slight quark mass dependence

1.1 ¢

1.05 | ® weak cut-off dependence
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0.85 |
08 |
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Estimating T.(u.) and p./T

Status of the RBC-BI project

® calculationsfor N =4 and 6; N, = 4N,

® uses an O(a?) improved staggered action (p4fat3)

9 ' ;
estimator for p.. (MC(T)> N T c
= Pn —
TC(O) n TC(O) Cn+2

1.2 . . . . .
115 i T/TC(O) r2 '—.—' |
' ,—a— | @ slight quark mass dependence
11} ]
Lo | | # weak cut-off dependence

T S | @ O(ub) requires more statistics
0.95 |
0.9 |
0.85 |
0.8 |
0.75
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Estimating T.(u.) and p./T

Status of the RBC-BI project

® calculationsfor N =4 and 6; N, = 4N,

® uses an O(a?) improved staggered action (p4fat3)

9 Imator for p..:
estimator 10 e (”C(T)> I T Cn,
= Pn —
TC(O) n TC(O) Cn+2

1.2 . . . . .
1 15 i T/TC(O) r2 '—.—' i

' r, —a— | @ slight quark mass dependence
11 | ]
Lo | | # weak cut-off dependence

b 'iof‘ff_atz . @ O(ub) requires more statistics
055y +

09 t Nt=6

Gavai,Gupta

0.85 |

0.8 |

Hg / T¢(0)

0.75 '
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Hadronic fluctuations at ;o > 0 from
Taylor expansion coefficients at u© = 0

ny = 2, my = 770 MeV: S. Ejiri, FK, K.Redlich, PLB633 (2006) 275
ny = 24+ 1, my =~ 220 MeV: RBC-Bielefeld, preliminary

® Taylor expansion of bulk thermodynamics in terms of i, 4,5

T4 VT3 In Z(Va Ta Nu7“d7”8)

e () (5) (%)

1,9,k

® expansion coefficients evaluated at p,,.q4,s = O are related to
fluctuations of B, S, Q at up,s,o = O:

1 baryon number, strangeness, charge fluctuations

event-by-event fluctuations at RHIC and LHC
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Hadronic fluctuations at ;o > 0 from
Taylor expansion coefficients at u© = 0

ny = 2, my = 770 MeV: S. Ejiri, FK, K.Redlich, PLB633 (2006) 275
ny = 24+ 1, my =~ 220 MeV: RBC-Bielefeld, preliminary

® quadratic and quartic fluctuations

_— 0%p /T4 1 0 1 0
2T B(ka/T)? s (ON=)Du=0 = 3 (NaDu=o
= gy = v (OGN — 36N,

1
= o (N8 = 3(V2)?)

pn=0

withx =u, d, sor B, Q, S
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Quadratic fluctuations of baryon number
charge & strangeness in (2+1)-flavor QCD

RBC-Bielefeld, preliminary

vanishing chemical potentials:

1.1 T T |! T T Q 1 < 2>

o R

1+t m A —8— X2 — (2
0.9 t s f SB VI®
0.8 | Xy ——
B
0.7 + Q —
Xy —o— X2 ( B>
0.6 | i VT3
05 | X2
0.4 full: N=4 -
03 | open: N=6 - X2 VT3 < S>
0.2 | -
I rapid approach to SB limit

O'Cl) T[MeV] P PP

150 200 250 300 350 400 450
= smooth change of quadratic fluctuations across transition region

chiral limit: x2, xS ~ |T — To|*~® + regular
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Quartic fluctuations of baryon number
charge & strangeness in (2+1)-flavor QCD

RBC-Bielefeld, preliminary

vanishing chemical potentials:

12

1
Q 4 2\ 2
X4 = (<Q>_3<Q>)
10 | + & e VT3
81 X 1B 1 4 2\ 2
XZ? —A— Xqa = VT3 (<NB> o 3<NB> )
6 r full: N4 |
,Q open: N;=6 g 4 -
‘e ; 1x§ = o (V) — 3(NE)?)
2 I |
f”@‘ & . —2 |rapid approach to SB limit
0 | T[MeV] | |
150 250 300 350 400 450

= large light quark number & charge fluctuations across transition region

chiral limit: Xf, Xf ~ |T — T.|™® 4+ regular
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Ratios of quartic and quadratic fluctuations

of charges in (2+1)-flavor QCD

15 r

0.5 r

ny = 2: S. Ejiri, FK, K.Redlich, PLB633 (2006) 275
ny = 2 4+ 1: RBC-Bielefeld, preliminary
baryon number fluctuation charge fluctuatlon

nf—2+1 m —220 MeV —m— 5| + nf_2+1 my; =220 MeV —
n=2, m=770 MeV —a— |
Resonance gas # n=2, m=770 MeV ~—a—
15 i Resonance gas
1
' filed: nt=4 ‘
open: nt=6 | 05 | + =
: ’ .
n " . SB
H]. - SB [ | u u u ‘_.ll
DT m 0 | | | | | | |
150 200 250 300 350 50 100 150 200 250 300 350 400 450

chiral limit: ratios ~ |T' — T.|™“ 4 regular

= enhancement over resonance gas values? (need to improve N, = 6)

= may be observable in event-by-event fluctuations
quark sector quickly (T" > 1.5T.) behaves perturbative
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Quark number in Boltzmann approximation

® Dbaryonic sector of pressure in a hadron resonance gas;

mp > T => Boltzmann approximation: pg/T* = Y pp/T*
m<Mmax
with pm/T* = F(T,m,V)cosh(Bug/T)
X = ;9(25://;;42 = B*F(T,m,V) cosh(Bug/T)
Xy = 5(45://{:; = B*F(T,m,V) cosh(Bug/T)

ratio of fourth (x2’) and second (x %) cumulant of quark number fluctuation
gives "unit of charge” carried by the particle with mass "m”:
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Charge fluctuations In
Boltzmann approximation

® hadronic resonance gas: contributions from isosinglet (G : n,...)
and isotriplet (G®) : 7, ...) mesons as well as isodoublet
(F) : p,n,..)andisoquartet (F¥ : A,...) baryons

p(T, Hq l"'I) ~ (1) (3) 1 ( (M) )
T ~ G\/(T)+G (T)3 2 cosh T +1

(2) SHq a4
+F'“/(T) cosh ( T ) cosh ( T>

1 3 L 3
(4) - °rq nt 8 it 8
+F\*(T) 5 cosh < ) [cosh ( ) + cosh ( )]

® charge fluctuations at pg; = pr = 0;
isospin quartet F'(4) contains baryons carrying charge 2

x7  4G®) 4 3F(2) 4 27F(4)

X4 _ > 1forT —o0
X3 ~ 4G® 1 3F® { 9F® -

Q _
R4’2 pu—

contribution of doubly charged baryons increases quartic relative
to quadratic fluctuations
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Hadronic fluctuations at p, = 0

® expect 29 order transition in 3-d, O(4) symmetry class;

2
I
+ A (Fq) s Merit = 0

T — 1T,

scaling field: t = '

C

singular part: fs(T, pru, prq) = b_lfs(tbl/(z—a)) ~ p2—0

0%1n Z - 0*ln Z —a ( 0)
> ~ | Cyq 1 ~ o =
8,uq 8,uq

Co N

®» 04)O(2): a < 0, small =
ca ~ {(8N,)?) dominated by T-dependence of regular part

ca ~ {(6N)*) — 3((6N,)?)? develops a cusp
Y. Hatta, T. Ikeda, PRD67 (2003) 014028
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(Hadronic) Fluctuations at pg > 0

® expect 29 order transition in 3-d, O(4) symmetry class;

. . T — Tc Hq 2 (/'l'crit ) g
scaling field: t = Al —) —
R e (G
Hqg Herit Hqg Herit
Al 29 9 _
TT (TC _I_ TC ) <TC TC )
2 4
0“In Z s 0*In Z 4= (2+a) (1> 0)
A2 ! Al H
H’q H'q

® already second derivative w.r.t. p, "looks like a specific heat”

((6N4)?) develops a cusp
((6N,)*) diverges on the O(4) critical line;

4
strength ~ (%) (~ 10—% at RHIC)

C
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Fluctuations of

baryon number and charge densities (¢ > 0)

XB

;12 4th order expansion

Ug/T=0.0 —m—
Ug/T=1.5 —@— |

HB/TZBO —h

—A

t

4.

b

T [MeV]

250
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450

v

Ug/T=1.5 —@—

}J.B/T=3.O ——

T [MeV]

150

200 250

300

350 400

450

baryon number density fluctuations:
XB _ ( d )
T° d(es/T)?>T* ) 1 fixed

= v ((NE) — (NB)?)

susceptibilities

- to be studied in event-by-event fluctuations

- to be compared to hadron resonance gas
phenomenology

seeing "true” singular behavior as signal for
a critical point requires large volumes
and high order Taylor expansions

m, = 220 MeV, (2+1)-flavor QCD

evidence for a critical point??
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of the quark gluon plasma
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Conclusions

calculations for non-vanishing chemical potential (g, > 0)
show a rapid transition from a HRG to a QGP;
signaled by sudden changes in EoS and susceptibilities

fluctuations on the crossover line increase with increasing
baryon chemical potential in accordance with expectations
based on a hadron resonance gas model

# evidence for additional singular contributions on top of this,
which would give direct evidence for the existence of a
critical point, is still weak (O (u®) contribution?)

Need to reduce statistical uncertainty in higher order
expansion coefficients to substantiate evidence for the
existence of a critical point - within the Taylor expansion
approach this is just a question of computing power

a large critical value, u%*t /T > 2, is favored
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Pressure, Energy and Entropy

® p/T* from integration over (e — 3p) /T7;

o

16 |
14 |
12 |
10

using piecewise quadratic fit with Ts = 100 MeV with p(Tp) = O;

systematic error on 3p/T4 ~ 0.33
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4 m n |
S/I.-... m =
...'-!= ) p4
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o
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T = 0 scale setting using
the heavy quark potential

use ro or string tension to set the scale for " = 1/N..a(3)

0 dV (r)
dr

«
V(r) = — +or , T lp=r, = 1.65

no significant cut-off dependence
when cut-off varies by a factor 5

l.e. from the transition region

on N, = 4 lattices (a ~ 0.25 fm)
to that on N = 20 lattices

(a ~ 0.05 fm) !
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scales extracted from

'gold plated observables’

® high precision studies of several experimentally well known
observables in lattice calculations with staggered (asgtad) fermions

led to convincing agreement = gold plated observables

® simultaneous determination of rg/a in these calculations deter-

mines the scale rg in MeV

knowing any of these experimen-
tally accessible quantities accurately
from a lattice calculation is equiva-
lent to knowing rq, which is a funda-
mental parameter of QCD

C.T.H. Davies et al., PRL 92 (2004) 022001
A. Gray et al., PRD72 (2005) 094507

fr

[k

3Mz= — My
2Mp. — My
W(1P — 18)
Y(1D — 18)
Y(2P — 15)
YT(35 —15)
Y(1P —185)

09 1 1.1

0) LQCD/Exp’t (ny = 3)
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scales extracted from

'gold plated observables’

® high precision studies of several experimentally well known
observables in lattice calculations with staggered (asgtad) fermions

led to convincing agreement = gold plated observables

® simultaneous determination of rg/a in these calculations deter-

mines the scale rg in MeV

we use rg = 0.469(7) fm

determined from quarkonium

spectroscopy
A. Gray et al, Phys. Rev. D72 (2005)
094507

C.T.H. Davies et al., PRL 92 (2004) 022001
A. Gray et al., PRD72 (2005) 094507

Jr
fK
3Mz= — My
2Mp. — My
W(1P — 18)

09 1 1.1

D) LQCD/Exp’t (ny = 3)
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