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• Finite density calculations:Finite density calculations:
– Fugacity Expansion Fugacity Expansion 
– Multi-parameter Reweighting  Multi-parameter Reweighting  
– Taylor Expansion Taylor Expansion 
– Imaginary Chemical Potential Imaginary Chemical Potential 
– Canonical Ensemble with ReweightingCanonical Ensemble with Reweighting
– ……
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Multi-parameter reweighting (Fodor and Katz): 

TE = 162(2) MeV, μE = 360(40) MeV
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Overlap ProblemOverlap Problem
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Canonical partition function
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• Canonical Ensemble Approach: Canonical Ensemble Approach: 
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• Avoid the Overlap ProblemAvoid the Overlap Problem
– KFL (Int. Jou. Mod. Phys. B16, 2017 (2002))KFL (Int. Jou. Mod. Phys. B16, 2017 (2002))

 The earlier procedureThe earlier procedure

        is like projection after variation (Peierls and Yoccoz)is like projection after variation (Peierls and Yoccoz)

 Need variation after projection (Zeh-Rouhaninejad-Yoccoz)Need variation after projection (Zeh-Rouhaninejad-Yoccoz)

 Accept/reject based on detAccept/reject based on detBB..

  However, this introduces However, this introduces fluctuation problem!fluctuation problem!
      
        Because  Because  
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          Standard HMCStandard HMC Accept/RejectAccept/Reject PhasePhase

Canonical approachCanonical approach

Continues Fourier transformContinues Fourier transform
Useful  for large k Useful  for large k 

Canonical ensemblesCanonical ensembles

Discrete Fourier transformDiscrete Fourier transform

K. F. Liu, K. F. Liu, QCD and Numerical Analysis QCD and Numerical Analysis Vol. III (Springer,New York, 2005),p. 101.Vol. III (Springer,New York, 2005),p. 101.
Andrei Alexandru, Manfried Faber, Ivan Horva´th,Keh-Fei Liu, Andrei Alexandru, Manfried Faber, Ivan Horva´th,Keh-Fei Liu, PRDPRD 72, 114513 (2005) 72, 114513 (2005)

WNEMWNEM

Finite density simulation with the canonical ensemble              Finite density simulation with the canonical ensemble               Anyi Li - Lattice 2008 Williamsburg Anyi Li - Lattice 2008 Williamsburg



Andrei Alexandru Brookhaven - April 2006

Fluctuations

        Standard HMC         Accept/Reject           Heath bath    Accept/Reject
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Triality
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Z(3) hopping
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Z(3) hopping
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Winding number expansion in canonical  approach to finite density                                                                                                                                       Xiangfei Meng - Lattice 2008                                                                                                                                        Xiangfei Meng - Lattice 2008 Williamsburg

Instability of discrete Fourier transform

It’s difficult to pick up the high  frequency modes with 
discrete Fourier transform 
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Winding number expansion (I)

In QCDIn QCD

    Tr log            loop              loop expansionTr log            loop              loop expansion

In particle number spaceIn particle number space

  

Where Where 
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Winding number expansion in canonical  approach to finite density                                                                                                                                       Xiangfei Meng - Lattice 2008                                                                                                                                        Xiangfei Meng - Lattice 2008 Williamsburg

Winding number expansion (II)

ForFor

SoSo

The first order of winding number expansionThe first order of winding number expansion

Here the important is that the FT integration of the first Here the important is that the FT integration of the first 
order term has analytic solutionorder term has analytic solution

  is Bessel function of the first kind is Bessel function of the first kind ..
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Winding number expansion (III)
        For higher order, Taylor expansion is usedFor higher order, Taylor expansion is used

        

Here, we use the Euler’s formula to get the final expressionHere, we use the Euler’s formula to get the final expression
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Winding number expansion (IV)
  The parameters of Winding number expansion---Fourier seriesThe parameters of Winding number expansion---Fourier series

                        

  The recursion of Bessel functionThe recursion of Bessel function

        



Winding number expansion in canonical  approach to finite density                                                                                                                                       Xiangfei Meng - Lattice 2008                                                                                                                                        Xiangfei Meng - Lattice 2008 Williamsburg

Winding number expansion test (I)

K=12
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Winding number expansion test (II)
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Winding number expansion test (III)
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Observables Observables 

Polyakov loopPolyakov loop

Baryon chemical potentialBaryon chemical potential

PhasePhase

Finite density simulation with the canonical ensemble              Finite density simulation with the canonical ensemble               Anyi Li - Lattice 2008 Williamsburg Anyi Li - Lattice 2008 Williamsburg
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T

ρ

coexistenthadrons

plasma

Phase diagramPhase diagram

T

ρ

coexistenthadrons

plasma

Two flavors Four flavors

??

Finite density simulation with the canonical ensemble              Finite density simulation with the canonical ensemble               Anyi Li - Lattice 2008 Williamsburg Anyi Li - Lattice 2008 Williamsburg
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Phase boundaryPhase boundary

Maxwell construction : determine phase boundaryMaxwell construction : determine phase boundary

Ph. Forcrand,S.Kratochvila, Ph. Forcrand,S.Kratochvila, Nucl. Phys. B (Proc. Suppl.) 153 (2006) 62Nucl. Phys. B (Proc. Suppl.) 153 (2006) 62 

Finite density simulation with the canonical ensemble              Finite density simulation with the canonical ensemble               Anyi Li - Lattice 2008 Williamsburg Anyi Li - Lattice 2008 Williamsburg
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Baryon Chemical Potential  (mBaryon Chemical Potential  (mππ ~ 1 GeV) ~ 1 GeV)

Finite density simulation with the canonical ensemble              Finite density simulation with the canonical ensemble               Anyi Li - Lattice 2008 Williamsburg Anyi Li - Lattice 2008 Williamsburg



31

Maxwell ConstructionMaxwell Construction

NNff = 4 Wilson gauge + fermion action = 4 Wilson gauge + fermion action

Finite density simulation with the canonical ensemble              Finite density simulation with the canonical ensemble               Anyi Li - Lattice 2008 Williamsburg Anyi Li - Lattice 2008 Williamsburg
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Phase Boundary (Preliminary)Phase Boundary (Preliminary)
NNff = 4 = 4

Finite density simulation with the canonical ensemble              Finite density simulation with the canonical ensemble               Anyi Li - Lattice 2008 Williamsburg Anyi Li - Lattice 2008 Williamsburg

This work

Ph. Forcrand,S.Kratochvila, Ph. Forcrand,S.Kratochvila, Nucl. Phys. B (Proc. Suppl.) 153 (2006) 62Nucl. Phys. B (Proc. Suppl.) 153 (2006) 62 
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Finite density simulation with the canonical ensemble              Finite density simulation with the canonical ensemble               Anyi Li - Lattice 2008 Williamsburg Anyi Li - Lattice 2008 Williamsburg
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Baryon Chemical Potential (mBaryon Chemical Potential (mππ ~ 1 GeV) ~ 1 GeV)

Finite density simulation with the canonical ensemble              Finite density simulation with the canonical ensemble               Anyi Li - Lattice 2008 Williamsburg Anyi Li - Lattice 2008 Williamsburg
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Three Flavors (Preliminary)Three Flavors (Preliminary)

Finite density simulation with the canonical ensemble              Finite density simulation with the canonical ensemble               Anyi Li - Lattice 2008 Williamsburg Anyi Li - Lattice 2008 Williamsburg

NNff = 3 Iwasaki gauge + Clover fermion action, m = 3 Iwasaki gauge + Clover fermion action, mππ  ~0.8 GeV  ~0.8 GeV



    

SummarySummary

Canonical Ensemble Approach overcomes the Canonical Ensemble Approach overcomes the 
overlap problem and alleviates the fluctuation overlap problem and alleviates the fluctuation 
problem. No sign problem for T > 0.8 Tproblem. No sign problem for T > 0.8 Tc.c.  
Wilson fermion on 6Wilson fermion on 633 x 4 lattice with m x 4 lattice with mππ ~  ~ 

      1 GeV shows N1 GeV shows NFF = 2 is 2 = 2 is 2ndnd order (?) down to  order (?) down to 
0.83 T0.83 Tcc, N, NFF = 4 is first order. = 4 is first order.
Iwasaki + Clover fermion on 6Iwasaki + Clover fermion on 633 x 4 lattice with  x 4 lattice with 
mmππ ~ 0.8 GeV results for N ~ 0.8 GeV results for NFF = 3 are   = 3 are  
forthcoming (no sign for 1forthcoming (no sign for 1stst order at 0.92 T order at 0.92 Tc c 

and nand nBB < 12.) < 12.)



    

Future (wish list)Future (wish list)

Larger volume Larger volume  HNMC (A. Alexandru, et al.  HNMC (A. Alexandru, et al. 
arXiv:0711.2678)arXiv:0711.2678)
Smaller masses Smaller masses 
Chiral fermion actionChiral fermion action
Lower temperature (sign problem)Lower temperature (sign problem)


